WBMAO063-05 — Numerical Linear Algebra
Exam 2025-2026 |
Wednesday 28 February 09:00-11:00

Instructions:

1. Write your name and student number of the top of each sheet of writing
paper!

2. Use the writing (lined) and scratch (blank) paper provided, raise your hand if you need
more paper.

3. Start each question on a new page.

This exam consists of 4 questions for a total of 90 points. 10 points are free.



Question 1: 30 points
1. P& (6 points) Consider the linear system Az = b where

107° 1 1
A=) el
Compute the LU decomposition (without pivoting) and the pivoted LU decompo-
sition of the matrix A. You need not solve the linear system.
(%) (8 points) Consider the following algorithm for solving Az = b:

1. Compute the LU decomposition of A (A = LU) (no pivoting).

2. Solve Ly = b with forward substitution.

3. Solve Uz = y with backward substitution.

Suppose this algorithm is performed in floating point arithmetic and the LU de-
composition is computed with backward error 6 Apy:

LU = A+ 6ALy,

where I and U are the computed factors. Assume ||L|] = O(||L]]) and ||U]| =
O(J|U]]). Show that the computed solution & satisfies

(A+0A)E =b, [I6A]] = O([6Aull + £l LU,

where € = €achine 18 machine precision. You may use the fact that triangular solves
are backward stable.

% (5 points) In floating point arithmetic, we have the following statements for the
backward error of the the computed factors L and U:

unpivoted LU: LU = A+ §Ary, ||0Awull = O L|IU||)
pivoted LU: LU = PA+ §ApLy, |6ApLull = O(E|LIIUI)),

where € = €machine 15 machine precision. This means that regardless of whether
unpivoted or pivoted LU is used, we find that the backward error of the computed
solution & satisfies the following:

(A+6A)E =b, |[I6Al = O(lLNUI)-

You need not show this. Explain why the pivoted LU decomposition is still prefer-
able over the unpivoted LU decomposition when the linear system Az = b in (a) is
solved in floating point arithmetic. Specifically use the LU factors you found in (a)
in your answer. ‘

(3 points) Another reason that the pivoted LU decomposition is preferable for a
general linear system Ax = b, is that the unpivoted LU decomposition may not ex-
ist. Give an example of a non-singular matrix A that does not allow an unpivoted
LU decomposition. It is sufficient to simply provide A, you need not prove the LU
decomposition does not exist.

((e)\(8 points) Show that every non-singular matrix A € R™*" has a pivoted LU de-
composition.
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Question 2: 24 points

2. Let A € R™*™ be a diagonalizable matrix with real eigenvalues A\; with distinct magni-
tudes:
[Ar] > [Ae| > - > [Aal-

Consider the basic form of the QR algorithm:

A=l

For fp=1u21 S
Qr Ry = Ar  (QR decomposition)
Apr1 = RpQy

T} (5 points) We define

Q(k) = Q1Q2 . -~Qk-
R® .= R.R. ,...R;.

Show that the QR decomposition of A* (that is, A to the power k) is given by
AF = QW R®E), (1)

Hint: you may use the identity Az, = [Q(k)}TAQ(k) for k£ > 1 without proof.
Iy (6 points) Use (1) to show that, for some scalar a,

(A_k)T e, = agq®,

where e, = [0,...,0,1]T € R" is the nth canonical basis vector and q,(zk) is the last
column of Q)

((C))(ﬁ points) Let A, be the eigenvalue of A with smallest magnitude as above. Show
that
qg“) - 4w, ask— oo, where ATw, = \w.,, (2)

for a particular vector w,, with unit norm, ||w,|s = 1.

C(d)\(? points) From the identity in (c), we can show that the last row of the iterates
Ay converges to
[0 ... 0 X

as k — 0. {You need not prove this). This is the basis of the QR algorithm.

The actual QR algorithm that is implemented has more bells and whistles. The
eigenvalues are found one-by-one, and each time an eigenvalue is found the dimen-
sion of the problem is reduced. Explain this algorithm. In particular, mention
how the convergence to a single eigenvalue can be sped up, and mention how the
dimension is reduced and a new eigenvalue can be found.
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Question 3: 14 points

3. Consider the linear system Az = b where A = AT € R™*" is symmetric positive definite.

k(a)) (4 points) One may approximate a solution to the symmetric positive definite sys-
tem Az = b using the Conjugate Gradients (CG) algorithm. The kth CG iteration
z € R™ is the solution to a minimization problem. What minimization problem is
that? Define all notation you use. Assume g = 0.

(b) (10 points) Let A = VAVT be the eigendecomposition of A. Show that the kth
CG iterate x; satisfies

l* — @k]|4 = min [[Vp(A)V 2" 4,
PEP:

where P}, is the set of all degree k polynomials p with p(0) = 1 and x* is the solution
to the linear system. Again assume xy = 0.

Question 4: 22 points

4. Consider a matrix A € R™*" with m > n. Assume A has full column rank. A QR
decomposition of A is given by A = QR, where ) € R™*" has orthonormal columns and
R € R™*™ is upper triangular.

) (10 points) A Householder reflector H € R™*™ is a symmetric and orthogonal
matrix given by

H=1-2vv7,
where v € R™ is a vector with unit norm, i.e. ||v||2 = 1. A special property is that
for two vectors u, w € R™ with the same norm (||ul|z = ||w||2), we can choose
u—w
V=
lu —wll

in H = I — 2vv7, to obtain
Hu=w and Hw=u.

One approach to computing a QR decomposition of A is to use Householder reflec-
tors. Explain this algorithm. Be specific about the various Householder reflectors
that you apply. Specify what the final matrices @ and R are.

((b))(l.? points) An alternative algorithm to computing a QR decomposition could be
to use Gram-Schmidt orthogonalization. Explain how you could compute a QR
decomposition using Gram-Schmidt and provide the flop-count of your algorithm.

END OF EXAM
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